PRELIMINARY EXAM IN ANALYSIS, SPRING 2019

All problems are worth the same amount. You should give full proofs or explanations of your
solutions. Remember to state or cite theorems that you use in your solutions.

Important: Please use a different sheet for the solution to each problem.

1. Consider the Hilbert space L?([0,27]) of complex-valued square integrable functions with
the inner product given by

(f,8) = /Oznmg(x)dx.

(a) For all ¢ € R, define g4 € L*([0,27]), by g¢(0) = sin(6 — ¢), for 6 € [0,27]. Let V be
the closed linear span of {gy | ¢ € R}. Show that V' is two-dimensional.

(b) Find & : [0,27] x [0,27] — C such that for all f € L?([0,27]), the integral operator K
defined by

2

Kf(x)= A k(x,y)f(y)dy,

satisfies

IKf = fll = inf{llg—fll [g € V}.

2. Let S =[0,1] x [0,1] and consider the space C(S) of continuous complex-valued functions
on S, equipped with the supremum norm. Define F C C(S) by

F={f|3n>1.81,....8nh1.....hy € C([0,1]) such that £(x,y) = }" ge(x)()}-
k=1

Show that F' is dense in C(S).

3. Choose f = a(ZX[_gg] —1) € L’T = L?(—mr, nt] with areal and f, = f* f*...* f the n-fold
convolution so that { f,,} converges in || - ||;2 to a nonzero function g. Find g.

4. Show that if K is a compact self adjoint linear operator on a separable Hilbert space with
closed image then the image is finite dimensional.

5. Consider a C! function f : R> — R. Suppose f € L! (]Rz) NL? (Rz) and |Vf| € L*(R?).
Show that there exists a constant K < 10 such that the following inequality holds:

171 gy < K171 a2y 1 Al )
6. Let Q= (0,1) C R. For i = |, u(x)dx, show that
=l =) < 'l p2),  Yue WH(Q).

(Hint: The average & = u(xp) for some x € [0, 1].)



PRELIMINARY EXAM IN ANALYSIS
SPRING 2018

All problems are worth the same amount. You should give full proofs or explanations of your
solutions. Remember to state or cite theorems that you use in your solutions.

Important: Please use a different sheet for the solution to each problem.

1. Let L2([0,1]) be the Hilbert space of complex-valued square integrable functions with inner
product

(f.8) = /O 1Wg(x)dx.

Does L*(]0,1]) have an orthonormal basis {u,|n > 0} such that each u,(x) is a polynomial
of degree 2n using only even powers of x, i.e.,

up(x) =ap+ arx® + apx* + - + apx™
Construct such a basis if it exists, or prove that it does not exist.

2. Let ‘H be a Hilbert space and let P,Q € B(H) be two orthogonal projections. Prove that
ker PQ C ker P+ker Q always, and that ker PQ = ker P+ ker Q when PQ is also an orthogonal
projection.

3. Let X be a Banach space. Suppose that f : (0,1) — B(X) is a differentiable function in the
sense that the limit
fe+h)—f()
h

exists in the norm topology on B(X) for each ¢. Prove that e/ (1) is also differentiable in the
same sense, and that its derivative satisfies the inequality

f(0) = lim

4 50

<1 ()OI
SO <1 W)e

4. Let T be a bounded linear operator on a Hilbert space with an orthonormal basis of eigen-
vectors with eigenvalues A = {A,}. Show that the spectrum o (7') is exactly the closure of
the set A.

5. Let a be an irrational real number and let f € L?(T) = L?>(R/2%7Z) be a square-integrable
function on the circle such that f(8) = (6 4 7a) as elements of L?(T). Prove that f is
essentially constant.

6. Givent > 0 and given ¥ € R, let

—|&? /1
e
Ki(x) = .

Show that if f € L3(IR®), then the convolution K;  f lies in L=(R?), and that its norm is
bounded by a constant independent of ¢.




PRELIMINARY EXAM IN ANALYSIS
FALL 2018

All problems are worth the same amount. You should give full proofs or explanations of your
solutions. Remember to state or cite theorems that you use in your solutions.

Important: Please use a different sheet for the solution to each problem.

1. Let f: [0,1] — R be a continuous function. Prove that
1
lim [ f(x)sin(nzmx)dx = 0.

n—oeo J(
2. Consider the function f : [0, 1] — R defined by

) xlogx ifxe(0,1]
fx) = {0 if x = 0.

Be sure to justify your answer for each of the following questions.

(a) Is f Lipschitz continuous on [0, 1]?
(b) Is f uniformly continuous on [0, 1]?

(c) Suppose (p,) is a sequence of polynomial functions on [0, 1], converging uniformly to
f-Isthe set A= {p, | n>1}U{f} equicontinuous?

3. Show that for every f € C(T) and € > 0 there is an initial condition g € C(T) for which there
is a solution u(x,) to the heat equation on a ring with u(x,0) = g(x) and |u(x,1) — f(x)| < €
for every x € T.

4. Consider the functions fy(x) = (27) 'Y’ ™. Show that if g € L?(T) then {fy * g}
converges in || - ||;2-norm to g (here, * denotes convolution).

5. Show the following: For u € L!(R") there holds

T (e + ) = (3) 3 gy = .

6. Let Q = {(x,y): y>0,x €R}. Let f =C! (]Rz) (space of continuous functions with com-
pact support and with continuous first derivatives). Show the following

2
dxdy) .

/R|f(x,0>|2dxsz(/Qrf<x,y>|2dxdy+/g";—’;<x,y>




PRELIMINARY EXAM IN ANALYSIS
Spring, 2017
Instructions:

(1) All problems are worth 10 points. Explain your answers clearly. Unclear answers
will not receive credit. State results and theorems you are using.
(2) Use separate sheets for the solution of each problem.

Problem 1. Define f, : [0,00) — R by

fo(z) = sin Vo + 4n?7n2
and let F = {f,:n e N} C C([0,00)).
(a) Show that F is equicontinuous in C([0,00)).

b) Show that the sequence (f,) converges pointwise but not uniformly on [0, c0).

(
(c) Is F totally bounded in the space Cy([0,00)) of bounded, continuous functions f :
[0,00) — R, equipped with the sup-norm?

Problem 2. Suppose that X is a metric space with metric d such that every continuous
function f : X — R is bounded. Prove that X is complete.

Problem 3. Let A be a linear operator on a Banach space B that maps any strongly
converging sequence into a weakly converging one. Prove that A is a bounded operator.

Problem 4. Let K(z,y) be a continuous function on the unit square. Prove that A is a
compact operator acting on L?[0, 1], where

(Af)(x) = / K (2, 9)f (4)dy.

~

Problem 5. Prove the Riemann-Lebesgue Lemma, namely if f € L'(R") then f(£) — 0
as [¢| — oo, where

fier = [ e pos

Problem 6. Give an example of a sequence of functions that converges weakly in L2,
strongly in L!, but does not converge strongly in L?. Be sure to justify all of your asser-
tions.



PRELIMINARY EXAM IN ANALYSIS
FAaLL 2017

All problems are worth the same amount. You should give full proofs or explanations of your
solutions. Remember to state or cite theorems that you use in your solutions.

Important: Please use a different sheet for the solution to each problem.

1. Prove that every metric subspace of a separable metric space is separable.

2. Let X be a Banach space with dual space X* and let A C X be a linear subspace. Define the
annihilator AL C X* of A by

At ={feX*: f(x)=0forall x c A}.
Prove that A is dense in X if and only if A+ = {0}.

3. Prove or disprove the following statement: If f € C*(]0, 1]) is a smooth function, then there

is a sequence (p,) of polynomials on [0, 1] such that p,(f) — £ uniformly on [0,1] as n — oo

for every integer k > 0. Here f¥) denotes the kth derivative of f.

4. Let [a,b] C R be a closed interval and let

b
Il = sup £ Il = / £ (x) P

x€la,b
denote the L= and L? norms. If f € C!([a,b]), prove that

2
A< 02 o e 11

“~b—-a

5. Let A be a bounded self-adjoint operator on a Hilbert space H. Prove that

[}

exp(iA) = %%(iA)”

is also a well-defined bounded operator on ‘H and is unitary.

6. Consider a linear functional ¢ (f) = f(1/2) defined on the space of polynomials on [0, 1].
Does ¢ extend to a bounded linear functional on L2([0,1])? Prove or disprove.



PRELIMINARY EXAM IN ANALYSIS
Spring, 2016
Instructions:

1. All problems are worth 10 points. Explain your answers clearly. Un-
clear answers will not receive credit. State results and theorems you
are using.

2. Use separate sheets for the solution of each problem.

Problem 1. Let f(z) be a continuous function on R such that for any
polynomial P(x) we have

/ f(z)P(x)dx = 0.
R
Show that f(x) is identically zero.

Problem 2. Let M be a multiplication on L?(R) defined by

M f(x) = m(x)f(x),

where m(z) is continuous and bounded. Prove that M is a bounded operator
on L*(R) and that its spectrum is given by

o(M) = {m(z) : = € R},
where A denotes the closure of A. Can M have eigenvalues?

Problem 3. Show that the closed unit ball of a Hilbert space H is compact
if and only if dim H is finite.

Problem 4. Suppose f is a function in the Schwartz space S(R) which
+00 N
satisfies the normalizing condition [ |f(z)[*dx = 1. Let f denote the Fourier

transform of f. Show that

—+00 “+oo

[#s@ra | | [t > o

— OO e}




Problem 5. Let f(x) € WH([0,1]). Let f = fol f(x)dz. Show that

1f = fllerqoy < 2[1f(2)z(1 — )| L2 o,1)-

Problem 6. Let H be a Hilbert space and let U be a unitary operator, that
is surjective and isometric, on H. Let [ = {v € H : Uv = v} be the subspace
of invariant vectors with respect to U.

a) Show that {Uw —w : w € H} is dense in I+ and that I is closed.

b) Let P be the orthogonal projection onto I. Show that

1 N
NZU”’U—)PU.

n=1



PRELIMINARY EXAM IN ANALYSIS
FALL, 2016

All problems are worth the same amount. You should give full proofs or explanations of your
solutions. Remember to state or cite theorems that you use in your solutions.

Important: Please use a different sheet for the solution to each problem.

1. Let A and B be two bounded, self-adjoint operators on a Hilbert space H. Prove that

lagiliasl| > LABLDL

where [A, B] = AB — BA is the commutator of A and B. In addition, prove that equality holds
if and only if Af = c¢Bf for some c € R.

T
2. Let f: T — C be aC! function such that [ f(x)dx = 0. Show that

[ isear< [ 1

3. Let y = {an};_, be a sequence of real-valued scalars and assume that the series Y~ a,x,
converges for every x € /?(N). Show that y € /*(N).

4. Let f € Ll( ) and assume that f, the Fourier transform of f, is supported on the interval
[—%,3]- Let sinc(x) = ¥84_ Prove that

Zf sinc(x —n),

nez

where the equality holds in the L>-sense. (Here, the Fourier transform of a function g is
given by g(®) = [ g(x)e 2" *?dx.)

5. Let K :[0,1] x [0,1] — R be a continuous function and fix 1 < p < e. Given f € LP([0, 1]),
define Tf : [0,1] — R by

T = [ Kte) Oy

(a) Prove that T f is a continuous function.
(b) Prove that the image under 7 of the unit ball in L7 ([0, 1]) is precompact in C([0, 1]).

6. Let D denote the closed unit disk in C, and consider the complex Hilbert space

HE{f:p~C 1) Zakz and |13, def2(1+k2)|ak|2<oo}.

k=0
Prove that the linear functional L : H — C defined by L(f) = f(1) is bounded, and find an

element g € H such that L(f) = (g, f). (In other words, so that g represents L as in the Riesz
representation theorem.)



ANALYSIS PRELIM PROBLEMS
Spring, 2015

Instructions:

1. All problems are worth 10 points. Ezxplain your answers clearly.
Unclear answers will not receive credit. State results and theorems you are
USINg.

2. Use separate sheets for the solution of each problem.

Problem 1. Let H be a separable Hilbert space. A sequence (z,) in H
converges in the Cesaro sense to x € H if the averages of its partial sums
converge strongly to z, i.e., if

N
1
jN:Nan%x as N — oo.
n=1

(a) Prove that if (z,) converges strongly to x in H, then (z,) also converges
in the Cesaro sense to x.

(b) Give an example of a sequence that converges in the Cesaro sense but
does not converge weakly.

(c) Give an example of a sequence that converges weakly but does not con-
verge in the Cesaro sense.

Problem 2.
Suppose f : [—1,1] — R is an odd continuous function such that f(—1) =
f(1). Given that fjl sin(nzx) f(x)dz = 0 for all positive integers n, show that

f=0.

Problem 3.

Let P(z) : R — R be a polynomial of degree n. Show that there exists
a constant C' depending only on n such that |P(£)| < C f_ll |P(x)|*dz for all
¢ € (—1,1). (Remark: It may help to consider this problem from a functional
analytic perspective.)

Problem 4.
Let f, :[0,1] — R be a sequence of measurable functions. Suppose

(i) fol |fu(x)Pde <1forn=1,2---.



(ii) f, — 0 almost everywhere.

Show that .

lim [ fu(z)dz = 0.

n—oo 0

Problem 5.
Find the Fourier series of the 2L-periodic extension of

_Jz itz el0,L]
f@)_{o it z € (—L,0]

Show that
> 1
/8 = Z _—
— (2m 4+ 1)2
Problem 6.

Let {A,} be a sequence of bounded linear operators on a Hilbert space
H that converges weakly to an operator A, and suppose that for each each
x € H one has |A,z|| — |[|Az|| as n — oco. Prove that A,, strongly converges
to A (in particular, for unitary operators weak convergence to a unitary

operator implies strong convergence).



PRELIMINARY EXAM IN ANALYSIS
Fall, 2015
Instructions:

1. All problems are worth 10 points. Explain your answers clearly. Un-
clear answers will not receive credit. State results and theorems you
are using.

2. Use separate sheets for the solution of each problem.

Problem 1.
Consider the following sequences of functions parametrized by n:

o a,(z) =V g c0,1],

o by(z) = /ne el xR,

e c,(z) =ne™, xR,

o dy(z)=>_ ez el0,1].

As n tends to infinity, which sequences converge (a) almost everywhere, (b)
L2-strongly, (c) L*-weakly but not strongly. Explain your answer.

Problem 2. Let T be a linear operator on a Banach space. Show that
T is bounded if and only if T is continuous.

Problem 3. Let f : [0,1] — R be a C'-function and suppose that
|f/(x)] > 1 for all x € [0,1] and f" is monotonic. Show that

1
/ 62)\f(x)dl'
0

<

> o

Here ¢ is the imaginary unit.



Problem 4. Let f:R3> — R with f,Vf € L'(R?). Show that

[ s < ([ o)

Problem 5. Fix a continuous function f : [0,1] — R. Consider the
multiplication operator M, : C°([0,1]) — C°(]0,1]) on the space C°([0, 1]) of
continuous functions on [0, 1] defined by (Myg)(z) = f(x)g(z) for allz € [0, 1]
and g € C°([0,1]). Calculate ||M;|| and show that M is a compact operator
if and only if f = 0.

Problem 6.
Suppose that f € S(R), where S(R) is the Schwartz space of infinitely
differentiable rapidly decreasing functions

S(R) ={f € C*(R): sup [ £ ()] < o0}

for all nonnegative integers n,m =0,1,2,....
Does

/f(x)x"d:v =0, n=0,1,2,...
R

imply that f is identically zero? Explain your answer. (Hint: use the Fourier
transform).
Note: f™ denotes the m-th derivative of f.



Spring 2014: PhD Analysis Preliminary Exam

Instructions:

1. All problems are worth 10 points. Explain your answers clearly. Unclear
answers will not receive credit. State results and theorems you are using.

2. Use separate sheets for the solution of each problem.

Problem 1: Let (g,) be a sequence of absolutely continuous functions on [0, 1]
with |g,(0)] < 1. Suppose also that for each n, |g/, ()| < 1 for Lebesgue almost
everywhere x € [0,1]. Show that there is a subsequence of (g,) that converges
uniformly to a Lipschitz function on [0, 1].

Problem 2: Let T be a linear operator from a Banach space X to a Hilbert
space H. Show that T is bounded if and only if x,, — x implies that T'(z,) —
T(x) for every weakly convergent sequence (z,) in X.

Problem 3: Let f, fi : E — [0,400) be non-negative Lebesgue integrable
functions on a measurable set F C R™. If (f) converges to f pointwise almost

everywhere and
/ frdx — / fdzx,
E E

/\f—fk|dx—>0.
E

show that

Problem 4: Let P; and P, be a pair of orthogonal projections onto H; and
H,, respectively, where H; and Hs are closed subspaces of a Hilbert space H.
Prove that P P, is an orthogonal projection if and only if P, and P, commute.
In that case, prove that P; P is the orthogonal projection onto H; N Hs.

Problem 5: Let H be a (separable) Hilbert space with orthonormal basis
{fr}22,. Prove that the operator defined by

1
T(fx) = Efk+1» k>1,

is compact but has no eigenvalues.

Problem 6: Let H; = L?([—7,7]) be the Hilbert space of functions F(e%’) on
the unit circle with inner product

(F,G) = % / ! F(e")G(e?)db.

Let H, be the space L?(R). Using the mapping

—T

1 —T
i+ x

T —




of R to the unit circle, show that:
a) The correspondence U : F — f, with

f(z) = 7r1/2(1 +x)F (2 :L i)

gives a unitary mapping of Hy to Hs.

b) As a result,
{ . (Z x) J : } =—o0
t+x) i+x),

is an orthonormal basis of L?(R).




ANALYSIS PRELIM PROBLEMS
Fall, 2014

Instructions:

1. All problems are worth 10 points. Ezplain your answers clearly.
Unclear answers will not receive credit. State results and theorems you are
USINg.

2. Use separate sheets for the solution of each problem.

Problem 1. Suppose f : R — R is twice continuously differentiable. Sup-
pose |f(z)] < 1 and |f"(x)] < 1 for all x € R. Prove or disprove that
|f'(x)] <2 forall x € R.

Problem 2. Define the bounded linear operator K : L?(0,1) — L?(0,1) by

(K)(x) = / vy (1 — ) () dy.

Find the spectrum of K and classify it.

Problem 3. Let H be a separable Hilbert space with inner product (-,-) :
H xH — C, and let {e, : n € N} be an orthonormal basis of H. Define a
metric d : B x B — R on the closed unit ball B of H by

d(l‘,y) _ Z ‘<$ _2g7en>|‘

(a) Show that a sequence (xy) in B converges to # € B with respect to the
metric d if and only if it converges weakly to z in H.

(b) Prove that (B,d) is a compact metric space.

Problem 4. Let Cy(R) denote the Banach space of continuous functions
f R — R such that f(x) — 0 as |x| = oo, equipped with the sup-norm.

(a) For n € N, define f,, € Cy(R) by
1 if |z] <n
ful@) = {n/|x| i |z| > n

Show that F = {f,, : n € N} is a bounded, equicontinuous subset of Cy(R),
but that the sequence (f,,) has no uniformly convergent subsequence. Why
doesn’t this example contradict the Arzela-Ascoli theorem?



(b) A family of functions F C Cy(R) is said to be tight if for every € > 0
there exists & > 0 such that

|f(z)| <e  forall z € Rwith || > R and all f € F.

Prove that F C Cy(R) is precompact in Cy(R) if it is bounded, equicontinu-
ous, and tight.

Problem 5. Suppose that f : R — R is a smooth (C*) function with
compact support. Prove that

JLHQO{\/E/OmnSin (n%2%) f(x) daz} — F(0).

Hint. You can use the fact that

I in (£2) dt b = (/2
fim s () aef =
Problem 6.

(a) By choosing a suitable even, periodic extension for f, calculate the
Fourier cosine series for f(z) =sinz, z € [0,7].
(b) Deduce that

= 1
Z4n2—1:1/2'

n=1



Spring 2013: PhD Analysis Preliminary Exam

Instructions:

1. All problems are worth 10 points. FExplain your answers clearly. Un-
clear answers will not receive credit. State results and theorems you are
USINg.

2. Use separate sheets for the solution of each problem.

Problem 1: Consider the Hilbert space H = L*([0, 1]) with inner product
1

(f,h) = [ f(x)h(z)dx. Let
0

V ={f e L*(]0,1]) :/0 zf(x)de =0} CH

and g(z) = 1. Find the closest element to g in V. Justify your answer.

Problem 2: Let (B, ||||) be a Banach space. Recall that the spectrum of a
bounded linear operator A € L£(B) is defined as

0(A) ={X € C: A\ — Ais not invertible}.

Consider a sequence of bounded linear operators A,, € £(B) which converges
in norm to a bounded linear operator A € £(B). Assume that all spectra are
the same, i.e. 0p := 0(A;) = 0(Az) = .... Show that oy C o(A).

Problem 3: Consider the function

[ 2sin(xz)+3, x>0
f(x)—{ —2sin (z) +¢, <0 °

Find its distributional derivative % and %. For which values of ¢ will

f e WLP(R)? Justify your answer.
Problem 4: Prove that

0
lim 5
e—=0t Jo € +x

sin(1/z)dz = 0.



Problem 5: Prove that the image of the space C*(T) of k times continu-
ously differentiable functions on the unit circle under the Fourier transform
is contained in the set of sequences satisfying |c,| = o(|n|™*) and contains
the set of sequences satisfying |c,| = o(|n|7*717¢), € > 0.

(Recall: f(n) = o(h(n)) as n — oo means that for every § > 0 there exists
an N such that |f(n) < d|g(n)| for all n > N).

Problem 6: Let [ be the interval (0,1) and ¢ > p > 1. Show that there
exists a constant C' = C (p, ¢, I) such that

[l pary < Cllullwrngy

for all w € Wy” (I). (Hint: First show that [ull ooy < C llullyprngy for all
we Wy (1))



Fall 2013: PhD Analysis Preliminary Exam

Instructions:

1. All problems are worth 10 points. FExplain your answers clearly. Un-
clear answers will not receive credit. State results and theorems you are
USINg.

2. Use separate sheets for the solution of each problem.

Problem 1: Find inf fol |f(x) — z|*dx where the infimum is taken over all
f € L?([0,1]) such that fol f(z)(2? = Ddx = 1.

Problem 2: Let L?([0, 1]) denote the Hilbert space of complex valued square
integrable functions on [0, 1] with the usual inner product

(f.9)= /0 f(z)g(x)dz.
Define T : L*([0,1]) — L?([0,1]) by

(Tf)(x) = /1‘ f(t)dt, for z € [0, 1].
(a) Show that 7" is bounded. O
(b) Show that T" has no eigenvalues.
(¢) Find lim,, o ||T™]].

Problem 3: For § > 0 small, let u € L2 (R3) N L2~ (R3). Prove that
v = ux* ﬁ € L™ (R?) and provide a bound for ||v]|; (rsy Which depends only

on ]34

Problem 4: Let H be a separable infinite dimensional Hilbert space and
suppose that ej,es, ... is an orthonormal system in H. Let fi, fo,... be
another orthonormal system which is complete (i.e. the closure of the span
of {f;}i is all of H.) Prove that if Y > [le, — ful|> < 1 then {e;}; is also a
complete orthonormal system.

Problem 5: Suppose A is a compact operator on an infinite dimensional
Hilbert space H. Show that A does not have a bounded inverse operator.

Problem 6: Let S (R") be the Schwarz space. Show that S (R™) C L? (R")
for any 1 < p < o0.



Spring 2012: PhD Analysis Preliminary Exam

Instructions:

1. All problems are worth 10 points. Explain your answers clearly. Un-
clear answers will not receive credit. State results and theorems you are
USINg.

2. Use separate sheets for the solution of each problem.

Problem 1:
For u € L'(0, c0), consider the integral

v(z) = /OOO wy) d

T+y

defined for z > 0. Show that v(2) is infinitely differentiable away from the
origin. Prove that v' € L*(¢, 00) for any € > 0. Explain what happens in the
limit as € — 0.

Problem 2. Let X C L?(0,27) be the set of all functions u(z) such that
K
u(z) = lim Z are™ in L%norm, with |ag| < (1+ [k])7".
k=—K

Prove that X is compact in L?(0, 27).

Problem 3. For ¢ > 0, we set

(z) = 1 sin | = :
e  \a?+e ) a4’

and define the convolution for u € L*(R):

Ne* u(x) = /Rng(ﬂc —y)u(y)dy .

For € > 0, prove that \/e(n. * u)(x) is bounded as a function of z and ¢, and
that 7. * u converges strongly in L*(R) as ¢ — 0. What is the limit?



Problem 4. Let u, : [0,1] — [0,00) denote a sequence of measurable
functions satisfying

1
sup/ up(z) log(2 + un(z)) dr < 00.
n Jo

If u,(x) — u(z) almost everywhere, show that u € L'(0,1) and that u, — u
in L' strongly. (Hint. One possible strategy is Egoroff’s Theoren.)

Problem 5. Let u : [0,1] — R be absolutely continuous, satisfy u(0) = 0,
and

/1 |u/(z)Pdx < 0.
0

Prove that (2)
o u(z

lim —5=

-0t 32

exists and determine the value of this limit.

Problem 6. Consider on R? the distribution defined by the locally integrable

function . 2
Ble.t) {0 if £ — [a] < 0

Compute the distributional derivative

FE _OFE
ot:  0x%



Fall 2012: PhD Analysis Preliminary Exam

Instructions:

1. All problems are worth 10 points. Ezxplain your answers clearly. Un-
clear answers will not receive credit. State results and theorems you are
USINg.

2. Use separate sheets for the solution of each problem.

Problem 1:
Show that the space of all continuous functions on the interval [0, 1] with the
sup norm || f|| = max |f(x)| is not a Hilbert space.

Problem 2. Suppose ¢ is a real-valued continuous function on the interval
[0,1], and T is a linear operator on L? [0, 1] given by

1
T @) =@ [ el f @
0
for all f € L?[0,1]. Show that
(a) T is self-adjoint.
(b) there exists a number A > 0 such that 7% = AT

(c¢) Find the spectral radius r (T") of T'.
Problem 3. Let T be a bounded linear operator on a Hilbert space H. Show
that

(a) If ||T'|| < 1, then T and its adjoint operator 7™ have the same fixed
point. i.e. Show that for x € H,

Te =2 <— Tz ==x.

(b) Let A be an eigenvalue of T. Is it true that its complex conjugate A
must be an eigenvalue of T*7 Is it true that A must be in the spectrum
of T*?7 Justify your answers.



Problem 4. The heat kernel on R? is given by Hy(x) = (4nt)=3/2¢~|#*/(40)
where |z| denotes the Euclidean norm of x € R®. Prove that if u € L*(R?),
then ¢'/2||H, = ul|p~®s) — 0 as t — 0F. (Note that * denotes convolution.)

Problem 5. Let M be a bounded subset of C [a, b] with the sup norm and

A:{F(x):/jf(t)dt:feM}.

Show that A is a precompact subset of C [a, b].

Problem 6. Consider the one-dimensional function f. Prove that if
[ 1w R dn < oo

for some s > 3/2 then f is globally Lipschitz, i.e., there exists a constant K
such that |f(z) — f(y)| < K|z —y|.



Spring 2011: PhD Analysis Preliminary Exam

Instructions:

1. All problems are worth 10 points. Ezxplain your answers clearly. Un-
clear answers will not receive credit. State results and theorems you are
USINg.

2. Use separate sheets for the solution of each problem.

Problem 1:

Let © = (0,1), the open unit interval in R, and consider the sequence of
functions f,(z) = ne ™. Prove that f, 4 f weakly in L'(Q), i.e., the
sequence f, does not converge in the weak topology of L'().

(Hint: Prove by contradiction.)

Problem 2:
Let Q = (0,1), and consider the linear operator A = —dci—i, acting on the
Sobolev space of functions X where
X ={ue H Q)| u(0) =0,u(l) =0},
and where
du d*u
H*(Q) = L*(Q) | — € L*(Q),— € L*(V)}.
() ={u e LY(Q) | - € LYQ), - € LY(D)}

Find all of the eigenfunctions of A belonging to the linear span of
{cos(ax),sin(az) | a € R},
as well as their corresponding eigenvalues.

Problem 3:
Let 2 = (0,1), the open unit interval in R, and set

v(z) = (1+ |logz|)".

Show that v € WH(Q) and that v(0) = 0, but that £ ¢ L'(Q2). (This
shows the failure of Hardy’s inequality in L'.) Note, that W1(Q) = {u €
LYQ) | % e L'(Q)}, where 2 denotes the weak derivative.

1



Problem 4:
Let f(x) be a periodic continuous function on R with period 27. Show that

f(f) = Z b,7,0 in D', (1)

n=—oo

that is, that equality in equation (1) holds in the sense of distributions, and
relate b,, to the coefficients of the Fourier series. Note that  denotes the Dirac
distribution and 7, is the translation operator, given by 7, f(x) = f(z + y).

(Hint: Write f(z) =Y 2 c,e™® with convergence in L?(0,27) and where

the coefficients ¢, = 5- 0% e~ f(x)dx.)

Problem 5:
Let f(x) be a periodic continuous function on R with period 27. Given € > 0,
prove that for N < oo there is a finite Fourier series

N

é(x) = ap + Z lan, cos(nx) + b, sin(n)] (2)

n=1

such that
lo(z) — f(x)] <e VzeR.

This shows that the space of real-valued trigonometric polynomials on R
(functions which can be expressed as in (2)) are uniformly dense in the space
of periodic continuous function on R with period 27.

(Hint: The Stone-Weierstrass theorem states that if X is compact in R
d € N, then the algebra of all real-valued polynomials on X (with coordinates
(21,22, ...,24)) is dense in C(X). )

Problem 6:
For a € (0, 1], the space of Holder continuous functions on the interval [0, 1]
is defined as

Co([0,1]) = {u € C([0,1]) : Ju(z) —u(y)| < Clz —y|*,z,y € [0,1]},

and is a Banach space when endowed with the norm

ulxr) —uly
lullco.e(oy = sup |u(z)| 4+ sup H)—i)'
z€]0,1] z,y€[0,1] |ZE — y|



Prove that the closed unit ball {u € C%*([0,1]) : [ullcoaq < 1} is a
compact set in C([0, 1]).

(Hint: The Arzela-Ascoli theorem states that if a family of continuous func-
tions U is equicontinuous and uniformly bounded on [0, 1], then each sequence
U, in U has a uniformly convergent subsequence. Recall that U is uniformly
bounded on [0, 1] if there exists M > 0 such that |u(x)| < M for all z € [0, 1]
and all u € U. Further, recall that U is equicontinuous at = € [0, 1] if given
any € > 0, there exists ¢ > 0 such that |u(x) — u(y)| < € for all |z —y| <
and every u € U.)



Fall 2011: PhD Analysis Preliminary Exam

Instructions:

1. All problems are worth 10 points. FExplain your answers clearly. Un-
clear answers will not receive credit. State results and theorems you are
USINg.

2. Use separate sheets for the solution of each problem.

Problem 1:

Let (X, d) be a metric space and let (x,,) be a sequence in X. For the purpose
of this problem adopt the following definition: x € X is called a cluster point
of (z,) iff there exists a subsequence (x,, )r>o such that limy z,, = .

(a) Let (an)n>0 be a sequence of distinct points in X. Construct a sequence
(n)n>0 in X such that for all £ =0,1,2,..., ax is a cluster point of (x,,).
(b) Can a sequence (x,) in a metric space have an uncountable number of
cluster points? Prove your answer. (If you answer yes, give an example with
proof. If you answer no, prove that such a sequence cannot exists). You may
use without proof that Q is countable and R is uncountable.

Problem 2:
Let X be a real Banach space and X* its Banach space dual. For any bounded
linear operator T' € B(X), and ¢ € X*, define the functional T*¢ by

T*¢(x) = ¢(Tx), for all z € X.

(a) Prove that 7™ is a bounded operator on X* with || 77| < |||

(b) Suppose 0 # A € R is an eigenvalue of T. Prove that A is also an
eigenvalue of 7*. (Hint 1: first prove the result for A = 1. Hint 2: For
¢ € X*, consider the sequence of Cesaro means ¢y = N1 ZnN:l ®n, of the
sequence ¢, defined by ¢, (z) = ¢(T"x).)

Problem 3:

Let ‘H be a complex Hilbert space and denote by B(H) the Banach space
of all bounded linear transformations (operators) of H considered with the
operator norm.



(a) What does it mean for A € B(H) to be compact? Give a definition of
compactness of an operator A in terms of properties of the image of bounded
sets, e.g., the set {Az |z € H, ||=| < 1}.

(b) Suppose H is separable and let {e,},>0 be an orthonormal basis of H.
Forn > 0, let P, denote the orthogonal projection onto the subspace spanned
by eq,...,e,. Prove that A € B(H) is compact iff the sequence (P,A),>0
converges to A in norm.

Problem 4:

Let 2 C R™ be open, bounded, and smooth. Suppose that {f;}%2, C L*(Q)
and f; — ¢ weakly in L*(Q2) and that f;(z) — go(x) a.e. in Q. Show
that g = go a.e. (Hint: Use Egoroft’s theorem which states that given
our assumptions, for all € > 0, there exists £ C 2 such that A(E) < ¢ and
fj — g2 uniformly on E°.)

Problem 5:
Let u(x) = (14 [logz|)~'. Prove that u € W'(0,1), u(0) = 0, but % ¢
L0, 1).

Problem 6:
Let H = {f € L*(0,2m) OQW f(z)dx = 0}. We define the operator A as
follows:

(Af)(x) = / o

(a) Prove that A : H — L?*(0,2m) is continuous.

(b) Use the Fourier series to show that the following estimate holds:

[Afll 30,20 < CllfllL2027) »

where C' denotes a constant which depends only on the domain (0, 27). (Re-
27 | du
call that Hu||§{&(0’27r) = [T 1% (z)|?dx.)



Spring 2010: PhD Analysis Preliminary Exam

Instructions:

1. All problems are worth 10 points. Ezplain your answers clearly. Un-
clear answers will not receive credit. State results and theorems you are
USINg.

2. Use separate sheets for the solution of each problem.

Problem 1:
Let (X,d) be a complete metric space, T € X andr>0. Set D:={z € X :
d(z,z) <7}, and let f : D — X satisfying

d(f(z), fly)) < kd(z,y)

for any z,y € D, where k € (0,1) is a constant.

Prove that if d(z, f(Z)) < r(1 — k) then f admits a unique fixed point.
(Guidelines: Assume the Banach fixed point theorem, also known as the
contraction mapping theorem.)

Problem 2:

Give an example of two normed vector spaces, X and Y, and of a sequence
of operators, {Tn} o, Tn € L(X,Y) (L(X,Y) is the space of the continuous
operators from X to Y, with the topology induced by the operator norm)
such that {T},}2, is a Cauchy sequence but it does not converge in L(X,Y).
(Notice that Y cannot be a Banach space otherwise L(X,Y) is complete.)

Problem 3:
Let (a,) be a sequence of positive numbers such that

o0
Do

n=1

converges. Show that

NIE

Qn
n

n=1

1l

also converges.




Problem 4: Suppose that & : [0,1]? — [0, 1]? is a continuously differentiable
function from the square to the square with a continuously differentiable
inverse h™'. Define an operator T on the Hilbert space L*([0,1]?) by the
formula T'(f) = f o h. Prove that T is a well-defined bounded operator on
this Hilbert space.

Problem 5: Let H*(R) denote the Sobolev space of order s on the real line

R, and let .
full = ( [+ <P latoRds )

denote the norm on H*(R), where 4(¢§) = 5 [ u(z)e ™ dz denotes the
Fourier transform of w.

Suppose that r < s < t, all real, and € > 0 is given. Show that there
exists a constant C > 0 such that

lulls < ellulle + Cliull-  Vu € H(R).

Problem 6: Let f:[0,1] — R. Show that f is continuous if and only if the
graph of f is compact in R2.




ANALYSIS

Problem 1. Let f(z,y) denote a C' function on R2. Suppose that
f(0,0) =0.

Prove that there exist two functions, A(z,y) and B(z,y), both continuous on R?
such that )

f(fli',y) = QJA(w, y)+ yB(x,y) V(a:,y) € R?
(Hint: Consider the function g(t) = f(tz,ty) and express f(z,y) in terms of ¢ via
the fundamental theorem of calculus .)

Problem 2. The Fourier transform F of a distribution is defined via the duality
relation

(Ff0)={f,.F"9)
for all ¢ € C§°(R), the smooth compactly-supported test functions on R, where

Fro(z) = \7-15; I'{ei%@)df.

Explicitly compute F f for the function
z, >0

Problem 3. Let {P,(x)}32, denote a sequence of polynomials on R such that
P,, — 0 uniformly on R as n — oo.

Prove that, for n sufficiently large, all P,, are constant polynomials.

Problem 4. For g € L' (IR?%), the convolution operator G is defined on L%(R?) by

1 .
Gf@) = — [ gle- )iy, feI*®).
(2m)2 Jm3
Prove that the operator G with
1 e_|$|
= - R3
9(z) = - ER r € R,

is a bounded operator on L?(R?), and the operator norm ||G|lop < 1.

Problem 5. Consider the map which associates to each sequence {z, : n € N, 2, €
R} the sequence, {{(F{({zn}))m;m € N, (F({zn}))m € R}, defined as follows:

{F({xn})} ::%n— for m=12,...

m
(1) Determine (with proof) the values of p € [1, co] for which the map F : P —
I! is well-defined and continuous.
(2) Next, determine the values of ¢ € [1,00] for which the map F : 19 — (% is
well-defined and continuous.




Note for 1 < p < oo, I denotes the space of sequences {z, }3° ; such that > 07 | |z, [P <
o0, while [%° denotes the space of sequences {z,}32.; such that SUP,en |Tn| < 00.

Problem 6. For each of the following, determine if the statement is true (always) or
false (not always true). If true, give a brief proof, e.g. by citing a relevant theorem;
if false, give a counterexample.

Let H denote a separable Hilbert space and (z,,) a sequence of H.
If (x,) is weakly convergent then it is strongly convergent.
b) If (z,,) is strongly convergent then it is bounded.

¢) If (z,,) is weakly convergent then it is bounded.

e) If (z,) is bounded, there exists a weakly convergent subsequence of (xy,).

F) If (z,) is weakly convergent and T is a bounded linear operator from H to RY,

(a)
(
(
(d) ¥ () is bounded, there exists a strongly convergent subsequence of (z,).
(
(f
for some d, then T(x,) converges in R%.




Winter 2009: PhD Analysis Preliminary Exam

Instructions:

1.. All problems are worth 10 points. Ezplain your answers clearly. Un-
clear answers will not receive credit. State results and theorems you are
usIng.

2. Use separate sheets for the solution of each problem.

Problem 1: Let 1 <p < 2. -

(a) Give an example of a function f € L!}(R) such that f ¢ LP(R) and a
function g € L2(R) such that g ¢ LP(R).

(b) If f € L}Y(R) N L%(R), prove that f € LP(R)

Problem 2:

(a) State the Weierstrass approximation theorem.

(b) Suppose that f :[0,1] — R is continuous and

/lcc"f(:c)d:c=0
0

for all non-negative integers n. Prove that f = 0.
Problem 3:

(a) Define strong convergence, z, — z, and weak convergence, z, — z, of a
sequence (z,) in a Hilbert space H.

(b) If z,, — z weakly in H and ||z,|| — ||z||, prove that z, — z strongly.

(c) Give an example of a Hilbert space H and sequence (z,) in H such that
zn — z weakly and

llz|| < liminf||z,|-
n—oo

Problem 4: Suppose that T : H — H is a bounded linear operator on a
complex Hilbert space H such that

T =-T, T2 = -1
and T # +il. Define

P=%(I+iT), Q=%(I—z’T).




(a) Prove that P, @ are orthogonal projections on H.

(b) Determine the spectrum of T, and classify it.
Problem 5: Let S(R) be the Schwartz space of smooth, rapidly decreasing
functions f : R — C. Define an operator H : S(R) — L%(R) by

if(€) if€>0,

ENE) —ism©fe) = { 59 16> 0

where f denotes the Fourier transform of f.
(a) Why is Hf € L%(R) for any f € S(R)?
(b) If f € S(R) and Hf € L'(R), show that

/Rf(x) dz = 0.

(Hint: you may want to use the Riemann-Lebesgue Lemma)
Problem 6: Let A denote the Laplace operator in R3.
(a) Prove that

im [ LAf(x)dx = 4rf(0), Vf e SR
=0 /e |x|

where B¢ is the complement of the ball of radius e centered at the origin.
(b) Find the solution u of the Poisson problem

Au=4rf(x), lim u(x)=0

fx|—o0

for f € S(R?).




Fall 2009: PhD Analysis Preliminary Exam

Instructions:

1. All problems are worth 10 points. Ezplain your answers clearly. Unclear answers will
not recewe credit. State results and theorems you are using.

2. Use separate sheets for the solution of each problem.

Problem 1. For € > 0, let 7. denote the family of standard mollifiers on R2. Given u €
L?(R?), define the functions
Ue = N * u in R2.

Prove that
el Duell 2wy < llullr2mey ,

where the constant C' depends on the mollifying function, but not on .

Problem 2.
Let B(0,1) C R® denote the unit ball {|z| < 1}. Prove that log |z| € HY(B(0,1)).

Problem 3. Prove that the continuous functions of compact support are a dense subspace
of L*(R?).

Problem 4. There are several senses in which a sequence of bounded operators {7; n} can
converge to a bounded operator T' (in a Hilbert space H). First, there is convergence in
the norm, that is, |7, — T|| — 0, as n — oo. Next, there is a weaker convergence, which
happens to be called strong convergence, that requires that 77, f—=Tf, as n — oo, for every
vector f € H. Finally, there is weak convergence that requires (T, f, g) — (Tf,g) for every
pair of vectors f, g € H.

(a) Show by examples that weak convergence does not imply strong convergence, nor does
strong convergence imply convergence in norm.

(b) Show that for any bounded operator T there is a sequence {T%.} of bounded operators of
finite rank so that 7,, — T strongly as n — oo.

Problem 5. Let H be a Hilbert space. Prove the following variants of the spectral theorem.

(a) If Ty and Ty are two linear symmetric and compact operators on H that commute (that
is, T1'T> = T5Ty), show that they can be diagonalized sim ultaneously. In other words, there
exists an orthonormal basis for H which consists of eigenvectors for both 7} and 75.




(b) A linear operator on H is normal if TT* = T*T. Prove that if T is normal and compact,
then 7" can be diagonalized.
(c) If U is unitary, and U = A\ — T, where T is compact, then U can be diagonalized.

Problem 6. Prove that a normed linear space is complete if and only if every absolutely
summable sequence is summable.




Fall 2007: PhD Analysis Preliminary Exam

Instructions:

1. All problems are worth 10 points. Fxplain your answers clearly. Un-
clear answers will not receive credit. State results and theorems you are
USING.

2. Use separate sheets for the solution of each problem.

Problem 1: Suppose that f : [0,1] — R is continuous. Prove that

lim lf (2") dx

n—00 0

exists and evaluate the limit. Does the limit always exist if f is only assumed
to be integrable?

Problem 2: Suppose that for each n € Z, we are given a real number w,,.
For each ¢t € R, define a linear operator T'(¢) on 2r-periodic functions by

T(t) (Z fneimc> — Z ei“’"tfnemz,

nez nez

where f(z) =3, .z fne™ with f, € C.

(a) Show that T'(t) : L*(T) — L*(T) is a unitary map.
(b) Show that T(s)T'(t) = T(s +t) for all s,t € R.

(c) Prove that if f € C*°(T), meaning that it has continuous derivatives
of all orders, then T'(¢t)f € C*(T).

Problem 3: Let (X, | - ||x), (Y, - |lv),(Z,]| - ||z) be Banach spaces, with
X compactly embedded in Y, and Y continuously embedded in Z (meaning
that: X CY C Z; bounded sets in (X, | - ||x) are precompact in (Y, - ||v);
and there is a constant M such that ||z|z < M||z||y for every z € Y). Prove
that for every £ > 0 there exists a constant C(e) such that

lzlly <ellz|lx + Ce)|z|lz for every z € X.

1



Problem 4: Let H be the weighted L2-space
/e—l‘rllf(x)|2d9: < oo}
R

(f,9) = / e~ T a)g() dz.

Let T': 'H — 'H be the translation operator

(Tf)(z) = flz +1).

Compute the adjoint 7™ and the operator norm ||T|.

'H:{f:R—MC

with inner product

Problem 5: (a) State the Rellich Compactness Theorem for the space
Whe(Q) for Q C R™. Recall that the Sobolev conjugate exponent is defined
as p* = ;’%, and that there are some constraints on the set Q.

(b) Suppose that {f,}52, is a bounded sequence in H'(Q2) for Q C R? open,
bounded, and smooth. Show that there exists an f € H'(2) such that for a
subsequence { fn, }52,

fre Dfn, = fDf weakly in LQ(Q) ,

i) denotes the (weak) gradient operator.

—_ (8 _o
where D = <31’1’ Bas) Ba

Problem 6: Let Q := B (0, %) C R? denote the open ball of radius % For
r = (z1,22) € Q, let

u(z1, z9) = 217 [log (|log(|])]) — loglog2] where |z| = /22 + 3.
(a) Show that u € C*(Q).
(b) Show that g%’é € C(Q) for j = 1,2, but that u & C*(Q).

(c) Using the elliptic regularity theorem for the Dirichlet problem on the
disc, show that u € H?(Q).




